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Consider a semiparametric model indexed by two parameters: a parameter of interest $\documentclass[12pt]{minimal}
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}{}$\|\cdot\|$\end{document}$. Semiparametric models have been widely used in a variety of settings; see for example [@B15], [@B21], [@B17] and [@B7]. Asymptotic theory for semiparametric maximum likelihood estimation can be found in [@B3], [@B32] and [@B18]. The consistency of the bootstrap for M-estimators was established by [@B12] and [@B9]. Semiparametric likelihood ratio inference based on the profile likelihood has been developed by [@B22], [@B23]) and [@B2]. [@B5] studied the local identification of nonparametric and semiparametric models.
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}{}$\hat \phi(\theta)=\arg\max_{\phi\in\mathcal{H}}L(\theta,\phi)$\end{document}$, the pseudolikelihood is constructed by substituting a consistent estimator $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\hat \phi$\end{document}$ that is free of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\theta$\end{document}$, so the information equality does not hold ([@B13]). When the nuisance parameter $\documentclass[12pt]{minimal}
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}{}$\phi$\end{document}$ is of finite dimension, under certain regularity conditions [@B20] derived the asymptotic distribution of the pseudolikelihood ratio test for $\documentclass[12pt]{minimal}
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}{}$\theta_0$\end{document}$ must be an interior point of its parameter space, but in many applications $\documentclass[12pt]{minimal}
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}{}$\theta_0$\end{document}$ lies on the boundary of the parameter space. For parametric models, this boundary problem has been studied by [@B10], [@B19], [@B4], [@B29], [@B28] and [@B6]. In particular, [@B6] derived the asymptotic distribution of the pseudolikelihood ratio test statistic for boundary problems when the nuisance parameter is of finite dimension. However, to the best of our knowledge, there is no systematic theoretical study of the boundary problem under semiparametric models.

The primary purpose of this paper is to develop a general theory on pseudolikelihood ratio inference for semiparametric models in cases where the parameter of interest may lie on the boundary of the parameter space. In a similar spirit to that of the profile likelihood ([@B23]), the theoretical justification for the pseudolikelihood in semiparametric models is more difficult than in [@B13], [@B20] and [@B6], for the following reasons. First, the estimator of the nuisance parameter $\documentclass[12pt]{minimal}
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}{}$\phi$\end{document}$ may converge at a rate slower than the usual rate in parametric models. Second, unlike in parametric models, standard Taylor expansions cannot be used to deal with the remainder terms in likelihood expansions. To overcome these challenges, we establish our main results using empirical processes. Under certain regularity conditions, our main results cover cases in which the nuisance parameter is estimated with a rate slower than $\documentclass[12pt]{minimal}
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}{}$n^{1/2}$\end{document}$. In addition, the sensitivity of the likelihood to the nuisance parameter is characterized by the Fréchet derivative ([@B3]). We establish a general theorem on the asymptotic distribution of the pseudolikelihood ratio test for $\documentclass[12pt]{minimal}
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}{}$\theta_0$\end{document}$ to lie on the boundary of its parameter space. The general theory is verified and illustrated by copula and nested copula models for survival data and by weighted likelihoods for missing data. We show that the pseudolikelihood ratio test performs well in simulation studies, while the naive test that ignores the boundary problem has a conservative Type I error rate and much lower power.

2. EXAMPLES AND MAIN RESULTS {#SEC2}
============================

2.1. Examples {#SEC2.1}
-------------
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}{}$(\tilde Y_1, \tilde Y_2)$\end{document}$ are $$\begin{matrix}
 & {S_{\theta}(\, y_{1},y_{2}) = C_{\theta}\{ S_{1}(\, y_{1}),S_{2}(\, y_{2})\},} \\
 & {f_{\theta}(\, y_{1},y_{2}) = c_{\theta}\{ S_{1}(\, y_{1}),S_{2}(\, y_{2})\} f_{1}(\, y_{1})f_{2}(\, y_{2})\quad(\, y_{1},y_{2} \geq 0)\text{.}} \\
\end{matrix}$$
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For concreteness, we consider the Clayton copula model ([@B11]), defined by $$C_{\theta}(u,v) = (u^{1 - \theta} + v^{1 - \theta} - 1)^{1/(1 - \theta)}$$ for $\documentclass[12pt]{minimal}
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In practice, the marginal survival functions $\documentclass[12pt]{minimal}
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[@B1] proposed a class of models for failure time data that accounts for multiple levels of clustering. For simplicity of notation, we consider a cluster of two levels, such as households and villages. Here, for illustration, we assume that there are three individual members and two households that are clustered as $\documentclass[12pt]{minimal}
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2.3 Examples revisited {#SEC2.3}
----------------------
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Denote the parameter value under the null hypothesis by $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\theta_0=(1, 1)^{{\mathrm{\scriptscriptstyle T}}}$\end{document}$. The approximating cone in this case is $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$C_{\Omega}(\theta_0)=\{ (t_1, t_2): t_1\geq t_2\geq 0 \}$\end{document}$. For ease of derivation, a simple reparameterization from $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\theta=(\theta_1, \theta_2)^{{\mathrm{\scriptscriptstyle T}}}$\end{document}$ to $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\tau=(\tau_1, \tau_2)^{{\mathrm{\scriptscriptstyle T}}}$\end{document}$, where $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\tau_1=\theta_2-1$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\tau_2=\theta_1-\theta_2$\end{document}$, yields the approximating cone $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$C_{\Omega}(\tau_0)=[0, \infty)\times [0, \infty)$\end{document}$ with $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\tau_0=(0, 0)^{{\mathrm{\scriptscriptstyle T}}}$\end{document}$, which is illustrated in [Fig. 1](#F1){ref-type="fig"}(a).

Fig. 1.The partitions of parameter space considered in Example 2: (a) the parameter space for $\documentclass[12pt]{minimal}
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3. SIMULATIONS {#SEC3}
==============

We conducted simulation studies in the settings of Examples 1 and 2. We first applied the pseudolikelihood ratio test for the dependence between bivariate survival times in Example 1. To generate the paired failure times, we used the rmvdc function in the R package copula ([@B35]; [@B25]). The marginal distributions of the failure times were Weibull with shape parameter $\documentclass[12pt]{minimal}
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In the second simulation study, we tested for associations among all failure times within the same village in the model of Example 2. To generate the multivariate failure times with the hierarchical structure, we used the R package nacopula ([@B16]). The marginal distributions of the failure times were chosen to be standard exponential. Independent censoring times were generated from uniform distributions to have censoring percentages of 15% and 30%. For each generated dataset, we compared the pseudolikelihood ratio test statistic with the $\documentclass[12pt]{minimal}
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If the maximizer of the log-pseudolikelihood $\documentclass[12pt]{minimal}
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}{}$\theta$\end{document}$ by definition. It is of interest to extend the theoretical results on the algorithm in [@B8] to pseudolikelihood estimation.

In regular statistical models, the likelihood ratio test is known to be asymptotically optimal, whereas the pseudolikelihood ratio test may lose efficiency due to the use of a generic estimator of the nuisance parameter. For a class of nonregular models in which the parameters are not identifiable under the null hypothesis, [@B31] proposed optimal tests based on the integrated profile likelihood. One future direction of research is to study the optimality of these tests when the parameter of interest lies on the boundary of the parameter space.

This paper focuses on the pseudolikelihood, which relies on the availability of a consistent estimator for the nuisance parameter that is free of the parameter of interest. In some situations, such a consistent estimator may not be available. In such cases, likelihood ratio inference can be considered. The theoretical results for the semiparametric likelihood ratio test ([@B22]) with a boundary problem can be developed following an argument similar to that given in the present paper. We leave this work for future investigation.
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APPENDIX {#SECA}
========

Proof of Lemma 1 {#SECA1}
----------------

We apply a second-order Taylor expansion to the pseudolikelihood ratio: $$\begin{array}{ccl}
 & & {2n\mathbb{P}_{n}\{ m(\theta,\hat{\phi}) - m(\theta_{0},\hat{\phi})\}} \\
 & & {\,\quad = 2n^{1/2}\{ n^{1/2}(\theta - \theta_{0})\}^{T}\mathbb{P}_{n}m_{1}(\theta_{0},\hat{\phi}) + n^{1/2}(\theta - \theta_{0})^{T}\mathbb{P}_{n}m_{11}(\overset{\sim}{\theta},\hat{\phi})n^{1/2}(\theta - \theta_{0}),} \\
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}{}$\tilde\theta\in\Omega$\end{document}$. By Condition 2, $$n^{1/2}(\mathbb{P}_{n} - \mathbb{P})m_{1}(\theta_{0},\hat{\phi}) = n^{1/2}(\mathbb{P}_{n} - \mathbb{P})m_{1}(\theta_{0},\phi_{0}) + o_{p}(1)\text{.}$$
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{n^{1/2}\mathbb{P}_{n}m_{1}(\theta_{0},\hat{\phi})} & {\, = n^{1/2}\mathbb{P}m_{1}(\theta_{0},\hat{\phi}) + n^{1/2}\mathbb{P}_{n}m_{1}(\theta_{0},\phi_{0}) + o_{p}(1)} \\
 & {\, = n^{1/2}\mathbb{P}_{n}m_{1}(\theta_{0},\phi_{0}) + \mathbb{P}m_{12}(\theta_{0},\phi_{0})\{ n^{1/2}(\hat{\phi} - \phi_{0})\}} \\
 & {\,\quad + O_{p}(n^{1/2}\|\hat{\phi} - \phi_{0}\|^{c_{2}}) + o_{p}(1)\text{.}} \\
\end{array}$$
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Combining ([A1](#asw072MA1){ref-type="disp-formula"}), ([A2](#asw072MA2){ref-type="disp-formula"}) and ([A3](#asw072MA3){ref-type="disp-formula"}), we obtain the following quadratic expansion of the likelihood ratio statistic: $$\begin{array}{cl}
{2n\mathbb{P}_{n}\{ m(\theta,\hat{\phi}) - m(\theta_{0},\hat{\phi})\}} & {\, = 2\{ n^{1/2}(\theta - \theta_{0})\}^{T}n^{1/2}\mathbb{P}_{n}m_{1}(\theta_{0},\phi_{0})} \\
 & {\,\quad + 2\{ n^{1/2}(\theta - \theta_{0})\}^{T}\mathbb{P}m_{12}(\theta_{0},\phi_{0})\{ n^{1/2}(\hat{\phi} - \phi_{0})\}} \\
 & {\,\quad - n^{1/2}(\theta - \theta_{0})^{T}I_{11}n^{1/2}(\theta - \theta_{0}) + o_{p}(1 + n^{1/2}|\theta - \theta_{0}|)^{2},} \\
\end{array}$$ which is equivalent to $$2n\mathbb{P}_{n}\{ m(\theta,\hat{\phi}) - m(\theta_{0},\hat{\phi})\} = - W(\theta)^{T}I_{11}W(\theta) + U(\theta_{0})^{T}I_{11}^{- 1}U(\theta_{0}) + o_{p}(1 + n^{1/2}|\theta - \theta_{0}|)^{2}\quad\quad$$ where $\documentclass[12pt]{minimal}
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Proof of Theorem 1 {#SECA2}
------------------
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